The planar symmetrical (n-fl)-body problem in a Schwarzschild-type field is being investigated. One proves that, if η equal masses are initially situated at the vertices of a regular polygon centered in the (n+l)-th mass, and if the initial velocities form a vector field symmetrical with respect to the central mass, then the polygonal configuration is preserved all along the motion, but with variable side and with variable rotation around the center. The motion of every mass relative to the center is given by the solution of the Schwarzschild-type two-body problem. All possible behaviors of the polygonal solution are surveyed. In the second part of the paper, the relative equilibria of the (n+l)-body problem are pointed out. One associates a restricted problem to them, for which the Jacobi integral is proved to exist.
INTRODUCTION
A special class of exact solutions in the Newtonian planar (n + 1)-body problem (η > 2) has been pointed out by Elmabsout (1988) in the case of η equal masses initially placed at the vertices of a regular polygon centered in the (n + l)-th mass. From a geometric standpoint, the solution represents a regular polygon of constant side, uniformly rotating around the central mass. Elmabsout (1990 Elmabsout ( , 1994 Elmabsout ( , 1996 also investigated the stability of this configuration. Grebenicov (1997) found a new class of exact solutions for the above problem: the configuration of rotating regular polygon is kept, but this time the side length and the angular velocity are variable.
Among the configurations pointed out by Grebenicov, there are stable relative equilibria (uniformly rotating polygon of constant dimensions). Taking such a configuration as the basis for a threedimensional restricted problem, Grebenicov (1998) proved that the respective problem admits the Jacobi integral; Gadomski (1998) extended this result to homogeneous potentials.
In this paper we resume the study of these problems for the more general case of Schwarzschild-type fields (featured by potentials of the form a/r + /3/r 3 ; r = distance between two particles; α, β = real nonzero constants). The theory of orbits in such fields constitutes an extensively discussed subject. It models concrete problems belonging mainly to astronomy, but not only. As examples, the following problems can be mentioned: the motion in the photogravitational field of an oblate, rotating star or a star which generates the Schwarzschild field, the artificial satellite main problem, etc. Many authors investigated this topic quantitatively (see, e.g., Brumberg 1972; Chandrasekhar 1983; Damour & Schaefer 1986) , and in general relativistic context, but qualitative approaches were also made (e.g., Saari 1974; Belenkii 1981; Szebehely & Bond 1983; Cid et al. 1983; Stoica & Mioc 1997) .
The Schwarzschild-type (n + l)-body problem can model concrete astronomical situations (as, for instance, the evolution of rings around an oblate planet). Starting from the corresponding equations of motion (Section 2), we prove in Section 3 that, given the initial polygonal configuration considered by Elmabsout and Grebenicov, the respective (n + l)-body problem is equivalent to η separate, identical, Schwarzschild-type two-body problems. This leads to the main result: the configuration of regular polygon is preserved all along the motion, but the side length and the rotational velocity are changing in general. The motion of every particle with respect to the central body is governed by the solution of the Schwarzschild-type two-body problem.
The qualitative behavior of every particle within this framework being known (Stoica &¿ Mioc 1997) , in Section 4 we describe all possible evolutions of the polygon. Their set is much richer than that corresponding to the Newtonian model. We distinguish ten different trends for the polygon behavior in case the angular momentum is nonzero (and nine trends for zero angular momentum).
To start the study of the three-dimensional restricted problem associated to our configuration, in Section 5 we survey the possible relative equilibria for the whole allowed interplay among field parameters, angular momentum and total energy. They are stable or unstable polygons, rotating or fixed, identical with the initial one. In Section 6, considering the motion of an infinitesimal mass in the Schwarzschild-type field generated by such an equilibrium configuration, we prove that the corresponding restricted problem admits the first integral of Jacobi.
EQUATIONS OF MOTION
Consider the (η + l)-body problem with the masses mo, mk = m φ m Q {k = 1,n), let q k = (6m 7 ?*,00 € R 3 , k = 0,n, be the position vectors of these ones in an inertial frame, and let q = (qo, qi,..., q") G R 3n + 3 be the configuration of the system. Consider that the η + 1 particles (point masses, bodies) interact according to a Schwarzschild-type law, characterized by the force function U : R 3n + 3 \ Δ -» R, with
0<i<k<n
Here r k { = |qjt -q¿| is the distance which separates the k-th and the ¿-th particles; Δ = Uo<¿<fc<n{q | = qjt} stands for the collision set; Ahi, Bki '• R 2 -^ R feature the interaction between the A;-th and the ¿-th particles:
(of course, in our conditions, Ajto = Ajo φ Ají = A k i, k,i,j = 1 ,n; similar relations hold for B k i)· The equations of motion obviously read
Standard results of the theory of differential equations ensure, for given initial conditions (q, q)(i = 0), the existence and uniqueness of an analytic solution of (2) defined on an interval (t~,t + ), t~ < 0 < t + . The solution can be analytically extended to a maximal interval D = -oo < t~ < t~ < 0 < t + < t + < +00. Let us consider the relative motion of the η equal masses with respect to mo-The relative position vectors will be r* = (x k ,y k , z k ) = (ìk -£o,Vk -ηο,ζk -Co), hence r ki = |rjt -r¿|. Using (2), and introducing the abridging notations (for k,i = l,n):
and rjt = |r¿|, the equations of the relative motion can be put in the form
where R k = R k (r k ,t), k = l,n, has the expression 
Consider the motion to be confined to a plane (originated in m o), hence put z k = 0, k -l,n, all along the interval D. Let us pass to polar coordinates (r k ,6 k ). By (4) and (5) 
It is clear that
Remark 2.1. Equations (6)- (7) are derived from (2) via the explicit form of (4). However we need the above form of (4), with the force function (5), for the purposes of Section 6.
Remark 2.2. Obviously, the problem admits the ten wellknown first integrals. Among the integration constants, we shall denote h = energy constant, C = angular momentum constant (C = (0,0, Cz) since the problem is planar).
PERSISTENCE OF THE REGULAR POLYGONAL CONFIG-URATION
We shall state our main result under the form of Theorem 3. 
Let the masses mo φ mk -m (k = l,n) be interacting according to a Schwarzschild-type law. Let rrik be initially (t = 0) situated at the vertices of a regular polygon centered in mo
attached to equations (6)- (7) ensure the above initial configuration. To prove Theorem 3.1, we need two lemmas. Lemma 3.3. Denote
Also denote 
which leads (as it is easy to check) to
(sin, cos)vs = (5si,Csi).
To have the solution (21) for the subsystem (17)- (18), the righthand sides of this subsystem (which will hereafter be abridged Ri and Rrespectively) must be identically zero. Replacing (19), (20), and (22) in Ri and R 2 , then performing some simple trigonometric transformations, we get 2 we obtain equations (13). The lemma is proved.
• Proof of Theorem 3.1. By Lemma 3.4, the trajectory of each particle m^ (= m), k = 1 , n, is obtained as a solution of (13). Therefore it is clear that the time-dependence of the polar distance of every particle obeys the same law, such that -taking into account (14) -Vi € D, rk(t) = ri(t), k,i = 1 , n. The polar angle of the k-th particle relative to the radius vector momj remains constant, 6k(t) = 2iv(k -1 )/n, Vi G D (or, equivalently, (t) = 0i(t) + 2iv(k -1 )/n, Vi £ -D, with <?i measured from an arbitrary fixed direction in the motion plane).
On the other hand, equations (13) are just the equations of the relative motion in the Schwarzschild-type two-body problem (cf. Stoica & Mioc 1997) . Therefore every mass m¿ will follow (with respect to mo), according to the initial conditions, an orbit given by the corresponding solution of the problem. This completes the proof.
• Remark 3.5. The solutions pointed out by Theorem 3.1 are in general neither homothetic nor homographie in Wintner's (1941) sense.
Remark 3.6. Denote by M the central mass and by m the particle mass in the central force problem (described by equations (13)) associated to the Schwarzschild-type two-body problem. Taking into account the expressions of α and β, we can have: M -mo, m φ m; Μ φ mo, m -m\ Μ φ mo, πι φ m (mο, m being the masses in the initial (η + l)-body problem. This means a quantitative non-equivalence but a qualitative equivalence of our polygonal (n + l)-body problem with the η (results of splitting) identical twobody problems.
Remark 3.7. It is clear that equations (13) admit the first integrals of energy and angular momentum r 2 + r 2 0 2 -2a/r-2ß/r 3 = h; (25)
h and C being the respective constants. This means that every twobody subsystem central mass -particle conserves its energy and angular momentum (with hk -h, Ck = C, k = l,n). Of course, these constants do not coincide in general with those that characterize the whole (η + l)-body system (h and C = |C|).
BEHAVIOR OF THE POLYGON
In this section we shall describe all possible behaviors of the polygonal solution. The basis for our survey is the qualitative analysis performed by Stoica & Mioc (1997) for the Schwarzschild-type two-body problem (with α φ 0, β φ 0), whose global flow was fully depicted for the whole interplay among field parameters, total energy and angular momentum. Moreover, every phase curve was interpreted in terms of physical motion. Proof. Taking into account the results obtained by Stoica &ε Mioc (1997) and Theorem 3.1, the proof of Theorem 4.1 follows immediately.
Remark 4.2. The trends (ix) and (x) are homographie solutions in Wintner's (1941) sense (relative equilibria).
Theorem 4.3. If C = 0, the polygon does not rotate (it preserves its initial orientation all along the motion). The trends (i)-(vi) and (viii)-(x) (see Theorem 4-1) continue to exist, but the evolution is now radial.
Proof. It is clear that C -0 implies C = 0, then the trends described by Stoica & Mioc (1997) , and recovered in Theorem 4.1 for the polygonal solution, are kept (for radial motion). There is however one exception: a radial evolution of the type (vii) is not possible, because the homoclinic phase curve which constitutes the support of such a motion in the Schwarzschild-type two-body problem does exist only for C = 0 (see Stoica L· Mioc 1997) .
• Remark 4.4. All solutions described by Theorem 4.3 are homothetic in Wintner's (1941) sense. They also are homographie for the trends (ix) and (x)\ this physically means fixed (with respect to the central mass), unstable/stable polygons, identical with the initial configuration. Proof. Since the relative equilibria are homographie solutions, their existence follows immediately from Theorems 4. 1 and 4.3, and Remarks 4.2 and 4.4 (trends (ix) and (χ)). The analysis performed by Stoica & Mioc (1997) provides the expressions of the distances re.If C φ 0, then C φ 0, and, according to (26), the polygon rotates with the angular velocity ω := θ = C/r\. If C = 0, then C = 0, and, by the same formula (26), ω := θ -0, and the polygon keeps its initial position. • Let us mention the situations in which the interplay among a, β, h, and C leads to relative equilibria in the Schwarzschild-type problem. According to Stoica h Mioc (1997) , these situations are:
for h < 0, there exist rsE and r¡jE (see (27)); for h < 0 and C 2 = 4y/oeß, there exists r^E (see (28)); for h > 0, there exists rjjE'·, 
ASSOCIATED RESTRICTED PROBLEM: JACOBI INTEGRAL
We shall take such a relative equilibrium configuration as the basis for a three-dimensional restricted problem. So, consider the motion of an infinitesimal mass μ in the Schwarzschild-type field generated by the (rotating or fixed) polygon of constant size. Let ρ = (χ, y, ζ) G R 3 and p k = (x -Xk, V ~ Vk, ζ -Zk) € R 3 , k = l,n, be respectively the position vectors of μ and rrik (= m), and denote ρ = p k = \pk\. It is needless to say that the three-dimensional frame in which we invesigate the motion of μ is originated in mo and has the polygon plane as fundamental plane.
The equations of the relative motion of μ read (see (4)):
where (see (5)):
and ( 
where h* is a constant of integration.
Observe that, in the new coordinates, the state of relative equilibrium {rfe = r e , 6k = ut + 2n(k -1 )/n} implies Xk = 0, Yk -0. Replacing this in the expression of i2*, we easily obtain For the first part of the paper, we emphasize some general features of the Schwarzschild-type two-body problem (Stoica & Mioc 1997) , transposed in terms of our polygonal (n + l)-body problem:
-the simultaneous total collision can occur not only for C = 0 (as in the Newtonian model, but for C φ 0, too (the so-called black hole effect);
-the collision is impossible for β < 0; -for h < 0, the η equal masses cannot escape (the polygon side cannot become infinite).
For the second part of the paper, we have to point out that there exist relative equilibrium configurations. Associating to them a restricted problem, the corresponding Jacobi integral is proved to exist.
